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LIST OF S UOLS

(r,z) cylindrical coordinates

p(r,e), P(rZ) acoustic pressure in the layer and its complex
conjugate

p (r,s), P,(r,z) acoustic pressure in the half-space and its comlex
conjugate

V 1r(r,a). V 1Z(rcz) radial and axial particle velocities in the layer

V2 r(r'z), V2z(r',z) radial and axial particle velocities in the half-space

Itr(r,z)0 1z(r.z) radial and axial acoustic intensitiem in layer

I2r,a), r,) radial and axial acoustic intensities in half-space

rI(r,z), 0 1(r,z) amplitude and phase of intensity in the layer

12(r,z), e2(r,z) amlitude and phase of the intensity in half-space

radian frequency ( -2f)

p1, cI density and sound speed in the layer

P2 - c 2  density and sound speed in the half-sace

kI, k2  acoustic waven ers, kI - W/Ci, 1-1,2

I~~~ 2

U depth of the water

PO amplitude of the point source

a distance of the point source above seabed

O aradial wavenuer

an  -(k 2-(2n+1 )2 2 /4H2 ], n-0, ,, 2,...

a1 I I2 vertical wavenumbers,

0, - Ck2 2 ] 1 / 2  Ka0 1i I 0, 1-1,2

t' '2 hysteretic long factors

D(aCi) dispersion relation, D(aw) - 0 t os(, I)-tb 2 sin(Gt K)

R( 0) plane-wave reflection coefficient

8 Dirac delta function

Jo(X), 3(x) Nessel functions of orders 0 and 1

5 0 (z), *K(x) Knmtel functions of orders 0 and 1. H ,J +y.
n n n
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IMRODCY!O

sound Propagation in the sea can be a complex process for which
mathematical models of varying complexity have boon developed. Thie pekeris
model is the -mt basic of theses it consists of a homgeneous layer of fluid,
which contains a tim-harmonic point source of sound, lying over an infinite
half-pace of another homOgeneous fluid (1-3]. merical values of pressure
obtained from this model are usually presented as plots of propagation-loss
versus range, at a fixed depth; or alternatively, as a contour plot of
tran ission lose over depth and range. Jansen a Kuperman (.4] use both thes
presentations in their report which compares nuimrical results which were
obtained from various theoretical propagation models, which are also
described. Little progress has been reported in the presentation of
experimental measurments since Wood's scale model work [5].

Plots of acoustic intensity vectors show not only the magnitude of the
energy flow but also its direction. Hence, intensity vector plots enable an
analyst to distinguish between came in which there Is a net outflow of
energy, and those cases in which the energy circulates in closed loops.
Pettersen (6] has presented plots which show energy flowing from sm simple
source and sink configurations, and also plots which show diffraction around
and reflection from a thin barrier. Spicer (7] and Jal m 8] have computed
acoustic intensity vectors, for a fluid-loaded plate and shell, respectively,
which help to illustrate the physics of fluid -structure interaction.
Publications by Fahy (9] and Reinhart & Crocker [10] have demonstrated that
the 'two-microphone technique' is now a practical tool for the experimantal

asurement of acoustic intensity.

In this mrandum, the mathematical formlae needed to evaluate
numerically the pressure and velocity fields, of the Pekeris model, are given
for the special cases of no-seabod, a rigid-seabed, and fast and slow seabeds.
The calculation of intensities from numrical values of acoustic pressure and
perticle velocity is straightforward. Plots of intensity vectors at low
frequencies and over short-ranges are presented and discussed. These
intensity vector plots reinforce previous numerical work on the Pekeris
-del, and it is hoped that they will prove to be of sufficient interest to

encourage similar presentations in work on more realistic models. The

mathematics necessary to extend the work contained here to the model
consisting of an arbitrary numer of homogeneous layers of fluids and elastic
solids ts described elsewhere [11,12]. In the more realistic models a rich
spectrum of propagating waves, such as the Stoneley and Rayleigh interface
waves, may be excited and it is expected that intensity v*ctor plots may
revial which of these propagating waves are likely to be detected

^xperi taonNlly.
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2. PI6ZfL6K FOWLW!TION

The Pekeris model for sound propagat ion in a shallow ocean consists
of a time-harmnic point source of sound, of free-field pressure
p~eIP ikR i)/Ro. which is located in a layer of homogeneous acoustic
fluid. whose upper boundary z-H is in contact with a vacuum, and whome
lower boundary z-0 is in contact with a half-space of a second homogeneous
acoustic fluid. This geometry in shown in Figure I.

The differential equations satisfied by the acoustic pressure,
expressed in cylindrical polar coordinates and omitting the tim variation
sxp(-iwat), for this aisymtric problem are

2 2
V pt (r,z) + k IP I(r,z) - -4w8(r)8(u-u 0 )/r (2.1)

Y2 p(r,z) + k ~2 (r,Z) - 0 (2.2)

The boundary conditions of continuity of pressure at the boundaries of
the fluid layer are

p (r,K) - 0 (2.3)

pt (r,0) - p 2 (r,O) (2.4)

and continuity of normal displacement at the interface between the fluid
layer and the fluid half-space requires that4

(l/1)ep(ra)eu - (l/P 2 )COp2 (r,S)/Oz] (2.5)

The remaining boundary conditions are those imosed by the radiation
condition, viz., at larg distances from the source the pressure consists
only of outgoing waves. The solutions of equations (2.1) - (2.5) are
well known and are summrised in the Appendix for special cases of the seabed
constants.

The tim-averaged acoustic intensity vector* in the fluid layer have
radial and vertical copnents defined by

I tr(r,z) -(1/2) PA(p (r,z)V (r,a)] (2.6)

I (r.2) -(1/2) PA(p (r~z)V (r,z)] (2.7)l~z I Is



The amplitude and phase of the vectors ae

2 2 1/2 (2.0)
It(,z) - (L r,) +r

eI(rz) - tan 1(r Is(r,)/1 1 (r,)] (2.9)

fquations (2.6) - (2.9) also apply to the fluid half-space if the
subscript 1 is replaced by the subscript 2.

3. NUWIECAL RESULTS

(a) General

Fortran computer progrm have been written to calculate and store
on a disk file the numrical values of pressure and particle velocities
at points on a selected grid in the r-z plns, for the various types of
seabed considered here. A separate Fortran program uses this data to form
and plot the tim-averaged intensity vectors.

The numerical constants in SI units used to produce the results shown
in Fiqures 2-13 are:

Fluid Layer P1 -1000.0 c I -1500.0 3-0.0 Z0 -95.0

Past Fluid Seabed P2 -1500-0 c 2 -1650.0

Slow Fluid Seabed P2 -1500.0 c2 -1350.0

The inteqrals in equations (A7-AlS) mist be evaluated numrically
because closed form expressions are not available. Because the ankel
transform representation i arbitrary with respect to a solution of the

mogeneous wave equation, it is necessary to introduce damping into the
system in order to lift the poles off the real-axis. Oamping is included
by setting the sound spoeds in the fluids to the complex values

c I 0 c(-i )

€2 • 2(1-l, 2 )

where l and 2 are chosen as 0.001. This value is sufficiently mall

-9-



to avoid significant attenuation in the fluids over the distances considered,
yet it is large enough to allow numerical integration without ill-conditionin
being present. The numerical approximtion of the integrals, after truncating
the infinite lmit to a sufficiently high value, is accomplished by a simple
adastive Gaussian quadrature scheme. Parallel computation on an array of
r-values results in a considerable saving in computer time.

In i ures 4-13 the plotted lengths of the normalised vectors are
proportional to R( 1), which Is a spherical spreading correction.

(b) Radial Wakvnumber-freq*ncy Plots

The disper ion relation for free-waves propagating in the dissipation-
free system is obtained from the denominator of the integrands as

D(a,W) - 0 cos(a )-W sin(O H ) = 0 (3.2)
1 1 ~ 2 nj 1 )O(.)

The real values of a which satisfy this equation are the radial wave-
numbers at which free-waves propagate. The cmlex values of a represent
evanescent waves which decay rapidly with increasing radial distance from
the source. The solution amIcr is trivial.

In the asence of a seabed there are no free-waves of finite wavenumber,
and the special case of a rigid seabed gives free-waves whose cut-on
frequencies are

fn - (2n+l)c /4H , niOl,2,... (3.3) 4

and whose real wavenumbers are given by

an- (2/ct )(f 2 -f 2 ) 1 2 , nO, L.2,... (3.4)

A slow seabed c2 4CI ha no free-waves. A fast seabed c2 c1  has
free-waves hiose cut-on frequencies are

c (2 2 1/2f - (2nG1)c 1 2 /41(c 2 -c 1 ) / n-O,l,2....

and whose real wavenumbers are constrained to lie inside the int=erval

k, w a)k2

I-10-
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Figure 2(a) shows the wavonumber-frequency plot of the rigid seabed
where free-waves out-on at frequencies 4.7Hz, 14.1Hz and 23.4Hz. Figure 2(b)
showu the wavermrho-frequency plot of the fast seabed, Where a single branch
cuts-on at 11.30z. The lines a-Ic and a-k 2 , between which the real
wavenumbers for the fast seabed are constrained to lie, are included on the
plot as reference lines.

(c) The Reflection Coefficient

The plane-wave reflection coefficient at the seabed

2 2 2 2 2 2

.. )- p 2 2pose-(c 1 - sin e)]/[plc200sO4,01 V(c 1 -c 2 sin 0)] (3.6)

is of interest because the transform representation of the pressure field
resolve. the pressure in the fluid layer into a continuous spectrum of
waves propagating both upwards and downwards at angles of incidence 0 given
by the equation

a - kleine

In Figure 3(a) the magnitude of the reflection coefficient for the
slow seabed decreases steadily with increasing 0 until it vanishes at
the angle of perfect transmission, e-640. At larger values of a the
magnitude of the reflection coefficient increases steadily, attaining its
maximm value of unity at 6-900.

In Pigure 3(b) the magnitude of the reflection coefficient for the
fast seabed is an almost constant 0.25 until 9-400. It then increases
rapidly to the value of unity at 0-65 o , the case of perfect reflection,
after which it remains at unity.

(d) Intensity Vector Plots at 2.5Hz

Figures 4 and 5 show the intensity vector plots at a frequency of
2.5Hz where the wavenumber-frequency plots of Figure 2 show that there
are no propagating modes. There is little difference between the plots
for no seabed, the slow seabed and the fast seabed, all of Which show the
characteristics of a dipole sound source (6] where most of the sound energy
is transmitted into the seabed. The case of the rigid seabed is somewhat
special because the intensity is only non-zero by virtue of the finite value
of t1. Here the energy, which is two orders of magnitude smaller than that
of the other plots, is being absorbed in the layer.

-11- '
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(a) Intensity Vector Plats at s.0Hz

Figure. 6 and 7 show the intensity vector plots at a frequency of
5.0Hz, where the wavenwmber-frequency plots of Figure 2 show that a
propagating mode is present only in the rigid seabed case. This mode
quickly becomes dominant as r increases, its intensity vector components
being

Z - coo2(fz/29)/r, I - 0r z

Again, there is little difference between the plots for no seabed, the slow
seabed and the fast seabed, where the intensity vectors eithibit the
characteristics of dipole radiation of energy into the seabed.

(f) Intensity Vector Plots at 15.0Hz

Figures 9 and 9 show the intensity vector plots at a frequency of
15.0Hzf, where the wavenumber-frequency plots of Figure 2 show that two
propagating modes are present in the rigid seabed case, and one is
present in the fast seabed case. Again the plots for no seabed and the
slow seabed approximate to dipole radiation of energy into the seabed.

In Figure 8(b) the two propagating mdes combine to produce an
interference pattern which shows energy propagating alonq the layer with
non-zero vertical intensity vector components although the intensity vectors
of the separate modes ar everywhere horizontal. This is because intensities
do not add linearly - the pressure of the first mode interacts with the
velocity of the second mode and vice versa, Schultz E13]. The total energy
flow ix, however, the sm of the energies contained in the individual modes
because the contribution of the cross-tem, when integrated across the layer
thickness, is zero.

In Figure 9(b), at small distances from the source the intensity vectors
approximate to those of dipole radiation of energy into the seabed. At
larger distances the propagating mode, whose cut-on frequency is 11.3Hz,
interacts with an evanescent mode to produce a closed loop of energy
circulation. The propagating mode may be resolved into two waves, one of
which propagates upward and the other downward, their angle of incidence being
greater than .the 650 at which petflect reflection occurs. This ode just
begins to dominate at the maximum range shown, viz. 150m.

-12-



(g) Intensity Vector Plots at 25.0Hz

Figures 10 and 11 show the intensity vector plots at a frequency of
25 .0z where the wavenumber-frequency plots of Figure 2 show that three
propaqatinq modes are present in the rigid seabed case and one is present
in the fast seabed case. The plots for no seabed and the slow seabed are
similar and are typical of intensity patterns obtained from well-separated
sources.

In Figure 10(b) the three propagating modes combine to produce an
interference pattern which shows energy propagating horizontally at the
top and bottom of the layer. The plot for the fast seabed, Figure 11(b),
is not unlike the plots of Figure 10(a) and 11(a); the single propagating
mode does not dominate the solution until radial distances are in excess
of 300m (not shown).

(h) Intensity Vector Plots in the Seabed

Figures 12 and 13 Show the intensity vector plots, at a frequency of
25.0Hz, in the slow and fast seabeds respectively. The reduction in magnitude
of the vectors as the interface is crossed is premmmbly due to partial
reflection at the seabed. As predicted by Snell's law, the intensity vectors
in the slow seabed are refracted slightly towards the normal, while the
intensity vectors in the fast seabed are refracted away from the normal.

4. CONCLUDING RDWRKS

Porulas have been given from which values of the acoustic intensity
vectors of the Pekeris model of underwater sound propagation may be calculated
numerically. The limited number of plots shown here illustrate the way in
which both the magnitude and direction of the energy flow in the sea can be
controlled by the properties of the seabed, especially when these properties
are such as to allow the propagation of norml modes. Of particular interest
are the complex interference patterns and circulatory energy flows which this
new method of presenting propagation data highlights. These preliminary
intensity vector plots are considered to be of sufficient interest to justify
further numrical work using more realistic models of the seabed in which,
for exmple, shear wave notion is included. The practical value of intensity,
as opposed to pressure, uamur mnt could be investigated by means of
Interacting theoretical and scale model work.

3 A Skelton (MO)
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(a) Slow Seabed
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(a) Slow Seabed
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(a) Slow Seabed
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(a) Slow Seabed
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(a) Slow Seabed
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(a) Fast Seabed
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APPBNZX

potmulas fox- acoustic pressure and particle velocity of the Pekeris model

(a) No Seabed

in the special came in which the layer and the half-space consist of
identical fluids, the pressure in the fluid is obtained by the method of
isage* an

pr' - pOS k1R 0 )/R0 - pO*ep(1kiRI)/R 1  (Al)

where 2 2 2

2 r2
RI (z+aO-2K)2

The radial and vertical particle velocities are

V 1 (r,) - (por/ibapl)((k-/%o).(Ilk%)/R% - (ik 11,*,IR)R 1 2 )

V (z,x) - (po/l.p1 )f(z 0x)(1J 1 l/R%)ezp(1tk A )/ 2

- (s+s -23)(Ik 1 /3t )exp ik R )I 2 )(A3)

(b) Rigid Seabed

The rigid seabed may be considered as the limit ing case of the fluid
half-space as P2 - a and c2 - 0 The well known series solution for the
pressure in the fluid layer is (1)

p (r,x)-(2vIpeH) i coo( [ 2n+13w3 0 /2H)coe( E 2n+hln's2H)B(a r) (A,*)



from which the radial and vertical particle velocities may be deduced am

V (r, z)(2rPowPH) Z ancae( E2n+llwrz,/28)coo( C 2n+llvnz/2H)H (% r) (AS)

n-0

V1(r~z)-( -ff~/P 1
2  (2n+l )cou([2n+lliwzo/2H )ain( (2n+llfnz/2N)H 0(a r) (AS)

n-0

(c) Past or Slow Seabed

In the genera-l case of the fast seabed (C2 ) C0c or the slow seabed
(C2 Cc1 , the pressure and particle velocities in the fluid layer are given
in the region 0(2(20z by

p (r,z)-2p F ao 1D 1 J(ar)sin(D3 [H-zo ]))(13cos(O3 z)-ib3 uin(O3 z))da WA)

0 (AS)

0 (A9)

where the dispersion relation D is

D00,e0-3 cos(a I R)-ib3 2 in(O H

and in the region z zMby

P (r,z)-2p 0 0 aD 1 J0 (ar)uin( 1 LE-])(100s(03 0Z-ib Oint3z0 ))da (Alo)

0

V12(r~z)-( 2ip&v 1  a2 i D7DJ(ar)sin(D1(EI-z1)(A Co0 0 a)-t.bO in(O z ))da
0i (All)L 10 2

.1 -32-
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V I(r. Z )~2Lpvo) 0- J '(O)COe(a 1 (U-z]D(0 Ica3(O01 30)-ibO2 mtn(a I z0 ))da

0 (£12)

The pressure anid particle 'velocities in the lowr half-apace are

p2 (r~z) - 2pO 0 -J OcsiA I E- Dx(i2Zd (A13)

0

V2 (r.z)-(2pbi)J a 207J (ar)ln(13 EH-x)ep-OXd 2A4

0

V2 (r'Z) -(-2p~haap 2 ) Jp a 2 D 1J 0 (r)sin(O 1 (H-z 0 ])exp(-iO 2 Oda (£15)

0
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